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We argue that classical {a') effects qualitatively modify the structure of Euclidean 
black hole horizons in string theory. While low energy modes experience the geometry 
familiar from general relativity, high energy ones see a rather different geometry, in which 
the Euclidean horizon can be penetrated by an amount that grows with the radial momen¬ 
tum of the probe. We discuss this in the exactly solvable SL{2, R)/U{1) black hole, where 
it is a manifestation of the black hole/Sine-Liouville duality. 
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1. Introduction 


About forty years ago, J. Bekenstein [Q and S. Hawking P] proposed that in semi- 
classical quantum gravity black holes behave like thermodynamic objects. In particular, 
they appear to have an entropy that is proportional to their area and satishes the usual 
thermodynamic laws. Thus, black holes behave quantum mechanically like black bodies 
with hnite temperature. 

It was recognized early on that the above successes came with a heavy price tag. The 
fact that black holes seem to behave as thermal objects suggests that quantum unitarity 
may be lost in their vicinity. In particular. Hawking showed [Q that one can think of the 
hnite temperature of a black hole as due to a process occurring near the horizon, where a 
pair of particles is created, one member of the pair falls into the horizon while the other 
escapes to inhnity as thermal radiation. Thus, information associated with a pure state 
of a quantum system in the vicinity of a black hole horizon can be destroyed when the 
system falls into the black hole, which then evaporates via emission of Hawking radiation. 

It is expected that corrections to Hawking’s one-loop calculation should restore unitar¬ 
ity, with the information associated with the initial quantum state encoded in the outgoing 
radiation, but it is not clear how this works. In Hawking’s calculation, the horizon plays 
a crucial role, but in classical general relativity it is not a special place and, in particular, 
an infalling observer is not expected to see anything unusual while crossing it. Thus, it is 
unclear how quantum unitarity is restored. 

It was initially hoped that gauge/gravity duality 0 will lead to a resolution of these 
problems, however, so far no universally accepted picture emerged, despite much work on 
the subject (see e.g. [^,|^ for some recent discussions). Part of the problem appears to 
be that gauge/gravity duality maps gravity to the thermodynamics of the held theory, 
and in order to understand in detail why/how unitarity is preserved one has to go beyond 
the thermodynamic description. In the gauge theory, one must include in the analysis 
the degrees of freedom that describe generic high energy states. In the dual bulk theory, 
one must go beyond the classical gravity approximation. In all known examples, the 
underlying bulk theory is a string theory (which may be strongly coupled). Thus, one is 
led to study string theory in the background of black holes, and search for qualitative new 
effects associated with black hole horizons. 

In weakly coupled string theory, one can imagine two types of such effects: quantum 
{qs) effects, which are sensitive to the Planck length Ip, and string [a') effects, that are 
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sensitive to the string length Ig = In fact, it often happens in string theory that effects 
that from the gravity perspective shonld appear at Ip actnally appear at A famons 
example is the value of the effective UV cutoff in perturbative string loop amplitudes. 
Thus, it is natural to ask whether classical string effects play a role in resolving the 
puzzles of black hole physics. This question motivated the present study. 

Since we are interested in phenomena that occur near the horizon, it is natural to 
expect that they should be visible in the Euclidean Black Hole (EBH) geometry, which has 
the advantage of being free of curvature singularities. The non-trivial part of any EBH 
spacetime is the two-dimensional geometry in the Euclidean time and radial directions. At 
inhnity in the radial direction it typically approaches a cylinder, whose circumference (in 
the Euclidean time direction) is the inverse temperature. As one moves towards the origin, 
the radius of this circle decreases and it eventually closes up into a smooth semi-inhnite 
cigar. The tip of the cigar corresponds (upon Wick rotation) to the black hole horizon. 

In this geometry, it is natural to consider a closed string which winds once around the 
circle at large r. The lowest lying state of such a string is the tachyon, which turns out to 
be in the spectrum, even in theories with a chiral GSO projection, in which the tachyon 
with winding number zero is projected out. The presence of the winding tachyon in hnite 
temperature string theory was noted early on in the development of the subject; see e.g. 
0 , where it was suggested that it might be related to a phase transition that occurs at or 
near the Hagedorn temperature. 

More recently, it was argued in ||^ that in string theory in a EBH background, this 
wound tachyon has a non-zero expectation value. This agrees with the phase transition 
picture, as the black hole describes the phase in which the winding symmetry around 
Euclidean time is broken (as is obvious from the fact that the Euclidean time circle is 
contractible). The expectation value of the wound tachyon can be thought of as a non- 
perturbative a' effect in classical string theory, and it is natural to ask how it modihes the 
properties of the (Euclidean) horizon from GR expectations. This, and related questions, 
were further discussed in the last couple of years in P-P!B|, but remain largely open. The 
main goal of this note0 is to shed additional light on the subject. 

To do this, we will view the EBH geometry as a spatial background, and add to it 
a time direction. We will then consider scattering states on the asymptotic cylinder, and 


And additional work that will appear separately. 
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study the phase shift for scattering off the tip of the cigar. The idea is to use this to probe 
the effects of the tachyon condensate, which is localized near the tip. 

The discussion above applies to any black holes in string theory, but in general it is 
hard to complete this program, since the worldsheet sigma model for the black hole is 
not sufficiently well understood. Thus, we will specialize to a specihc type of black hole, 
the two-dimensional black hole corresponding to the SL{2,R)/U{1) coset, discovered in 


17-19]. This black hole lives in a two-dimensional spacetime with asymptotic spatial linear 


dilaton, and plays a number of important roles in hvebrane physics and other contexts (see 
e.g. for reviews). Its important features for our purposes are: 

(1) The classical reflection coefficient for scattering states is known exactly in a' in this 
case 
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(2) The fact that in addition to the cigar geometry the worldsheet CFT involves a con¬ 
densate of the wound tachyon has been established in this case; it is known as FZZ 
duality . 

In the rest of this note, we will study the above reflection coefficient and, in particular, 
the string corrections to the gravity result. We will then attempt to use it to learn about 
the near-horizon structure of this black hole. 


2. The SL{2,R)/U{1) black hole 


The SL{2,R)/U{1) coset CFT describes string propagation on a semi-inhnite cigar, 
with metric and dilatoni 


ds^ = k{dr^ -|- tanh^ rdO"^) ; 


( 2 . 1 ) 


$ — $0 = ~ 111 coshr . 

0 ~ 0 -(- 27r is an angular coordinate, while 0 < r < cxd is the direction along the cigar; 
r = 0 is the tip. The string coupling depends on r; it goes to zero far from the tip 
and attains its maximal value, e^°, at the tip. /c is a free parameter, which governs the 
overall size of the cigar. In the algebraic coset description, it corresponds to the level of the 
underlying SL(2, R) current algebra. Geometrically, it sets the overall scale of the cigar. 
In particular, at large k (|2.1| ) describes a large, weakly curved geometry. That’s the analog 
in this context of a large (Euclidean) Schwarzschild black hole in higher dimensions. 


^ We discuss the coset that gives the Euclidean black hole. One can also consider the Minkowski 
black hole, but we will not do that here. 
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The model comes in two versions, depending on whether one is studying it in the 
bosonic string or the superstring. In the former case, one is interested in the bosonic coset 
model, whose central charge is given by 

c=2 + ^. (2.2) 

The background helds (|2.1|) are expected in this case to receive perturbative a' corrections, 
which can be thought of as 1/k corrections. These corrections are not expected to play an 
important role in our story. 

In the superstring, one is interested in the N = 1 superconformal coset ,i which is ob¬ 
tained by attaching to a bosonic SL{2, R) WZW model three free fermions that transform 
in the adjoint representation of SL{2, R), and gauging a diagonal U (1) in the full SL{2, R) 
of bosons -|- fermions. The total level of SL{2, R), k, can be written in this case as a sum 
of bosonic and fermionic contributions, k = {k + 2) + (—2), and the corresponding central 
charge is 

c = 3+^. (2.3) 

k 

In this case, the background (|^ ) is not expected to receive perturbative corrections in 

Ijk. 

Although, as usual in string theory, to talk about a well dehned theory with a stable 
vacuum one needs to consider the superstring, for our purposes the bosonic theory is 
good enough, since the physics we are interested in is unrelated to the usual closed string 
tachyon. Hence, we will phrase the discussion below in this language; it is straightforward 
to repeat it in the worldsheet supersymmetric case. 

Moment um and winding modes on the cigar correspond to the operators whose 

scaling dimensions are given by 




',171,m 


jjj + 1) ^ 

k-2 ^ k 
j{j + 1) ^ 

k-2 k 


(2.4) 


The quantum number j can be real or complex. The former plays an important role in 
describing normalizable states on the cigar and off-shell observables important for linear 

^ Which happens to have N = 2 superconformal symmetry; this is an example of the Kazama- 
Suzuki construction. 
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dilaton holography |^]. The latter is useful for describing scattering states on the cigar, 
for which one has 


1 

7 =-h . 

2 


(2.5) 

Looking back at the dimension formula ( p.4|) , we see that the radial momentu m conjugate 
to the well normalized coordinate 6 — y/kr is 


= 2s 


1 


k-2 


( 2 . 6 ) 


m and m label momentum and winding around the cigar; they take the values 

m =-{wk + p) , 

2 

m =-{wk — p) . 


(2.7) 


The integers p and w are the momentum and winding around the circle. Eq. (13) is 
compatible with the radius of the circle being = a'k, in agreement with (p.l|) (which is 
written for a' = 1, a convention that we will continue to use below). 

An important observation for our purposes is that the model described above is re¬ 
lated to one that superhcially is quite different, the Sine-Liouville theory described by the 
Lagrangian 


C = 


1 

An . 


(dx)^ -|- + QR(f) -|- cos R{xl — xb) 


( 2 . 8 ) 


This Lagrangian describes string propagation on an inhnite cylinder of radius R, with a 
potential that goes to zero as ^ cx) (since h is negative) and blows up as (/>—)■ oo. The 
dilaton is linear in (/>; the string coupling goes to zero as (/>—)■ cx) and diverges as ^ — cx). 
However, the potential prevents the string from exploring this region (see below for further 
discussion of this issue). 

In the weakly coupled region (f) ^ oo, the backgrounds (|2.1|) , (p.8|) agree, if we take 
Q = 1/y/k — 2, R = -s/k, b = —\/Q. However, at hnite cj) they superhcially look different. 
The former has a hard wall at ^ = 0, the end of space, while the latter has a soft wall in 
the sense that the higher the energy of a string, the farther it can penetrate towards the 
strong coupling region. This is similar to what happens in Liouville theory; see e.g. m 
for a discussion. 

Nevertheless, it has been argued that these two models are in fact equivalent. In 
the bosonic case, discussed here, this was proposed based on worldsheet considerations in 


unpublished work by V. Fateev, A. and Al. Zamolodchikov p^; see [p3 for a review. In 
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the supersymmetric case, where instead of Sine-Liouville one has N = 2 Liouville, it was 
proposed in [^, who arrived at it from a spacetime perspective, by studying hvebrane 
physics. 

This equivalence is usually viewed as a weak-strong coupling duality on the worldsheet. 
At large /c, the cigar sigma model ( p.l|) is weakly coupled (in the sense of the a' expansion), 
while the Sine-Liouville model (|2.8| ) is strongly coupled, since the slope of the linear dilaton, 
Q, is small, and the Sine-Liouville potential is steep. On the other hand, for large Q, the 
cigar is strongly coupled, while the Sine-Liouville is weakly coupled. For general Q of order 
one, one has to take into account both the cigar geometry and the Sine-Liouville potential. 

One can view the Sine-Liouville potential as an expectation value of the closed string 
tachyon with winding one around the x circle. This operator is normalizable for sufficiently 
small Q (or large /c); as Q increases {k decreases), it eventually becomes non-normalizable 
2^, leading to a phase transition discussed in [p0| . 

In this note, we will discuss the large k region. In that case, the conventional picture 


is that the physics is well described by the sigma model on the cigar (|2.1|) . The question 
we would like to address is what is the effect of the winding tachyon condensate (|2.8|) . We 
will do this in the next section, by studying the phase shift for scattering of the states 
(p.5|) from the tip of the cigar. 


3. Scattering on the cigar 


One of the main reasons we are studying the SL{2, R)/U{1) black hole here is that 
in this case the phase shift for scattering is known exactly (to leading order in Qs). It is 
given by p|,|8| 


r(l - r{- 2 j)T{j -m + l)r(l + j + m) 

+ r(2j + 2)r(-j-m)r(m-i) 




(3.1) 


Here is a real constant, which may depend on /c, but not on the quantum numbers 
(j;m,m). The r.h.s. of (p.l|) is a phase, as can be seen by plugging in the values ( p.5|) . 

To understand the physics of (|3.1|) , one can proceed as follows. For large k and 
Pfj, <C \/fc, one can omit the hrst ratio of F functions in (|3.1|). In this limit, one must 


reproduce the results of scattering in the geometry (|2.1j) in the gravity approximation 
this is indeed the case. 
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It is instructive to take the limit of momentum large compared to the curvature of the 
background, S> Q, in this approximation. One expects to hnd that the phase shift goes 
to zero in this limit, for the following reason. The curved background ( p.l|) gives rise to 
an effective potential for the incoming particle. However, as the radial momentum of the 
particle increases, this potential becomes less important, and the main effect is due to the 
fact that the radial direction is a half line </> > 0. Thus, the phase shift approaches that of 
a free particle, which is by dehnition zero. 

Alternatively, one can note that at large radial momentum in the gravity approxima¬ 
tion, the phase shift receives contributions mostly from the vicinity of the tip of the cigar, 
which looks locally like E?. The momentu m around the circle p (|2.7|) can be thought of 
as angular momentum on R^. Thus, the phase of the wavefunction for highly energetic 
particles should be the same as that for free particles on R^, and since the phase shift is 
dehned relative to that of a free particle, it must vanish in this limit. 


Looking back at (|3.1J ), the ratio of T functions behaves in this limit as 

r{— 2 j)r{j — m + i)r(i + j + fh) 


T{2j + 2)r(-j - m)r(m - j) 


(-) 


m—m^ — 2is In 4 


(3.2) 


— g-JTrp 


is the standard angular momentum dependent phase for a free 


The 

particle on R?. Thus, it does not contribute to the phase shift. The last term in 
is a contribution to the phase shift that is proportional to the radial momentum and 
we expect it to be absent for reasons mentioned in the previous paragraph. Fortunately, 


the factor associated with z/ in the phase shift (|3.1J ) is proportional to as well, and 
we can tune p such that the full phase shift 5 goes to zero as —>■ oo (in the gravity 
approximation). 

So far, we ignored the contribution to the phase shift of the hrst ratio of T functions 
in (|3.1|) . As the radial momentum p^ increases, this factor becomes more important. 
Eventually, for s ^ k (or p^ ::§> \/fc), it comes to dominate the phase shift. In fact, using 
the Stirling formula one hnds that the phase shift behaves in this limit like 


5 ~ 


4s 

k-2 


ln(s) ~ 2Qp^\np^ , 


(3.3) 


where stands for an equality up to sub-leading terms at large s, i.e. 5 goes like pcj, Inp^ 
for large pcj,. This is a rather surprising behavior. We argued before that the fact that the 
phase shift goes to zero at large radial momentum is due to very general features of the 
background (p.l|) : the fact that the radial coordinate lives on the half line and that 
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the vicinity of the tip, (/> = 0, the region that is presnmably probed by highly energetic 
particles, looks like B?. From this point of view, the fact that the full phase shift (|3.1j ) 
does not go to zero, but instead grows at large suggests that high energy particles 
effectively see a different geometry than the cigar (|2.1|) , that potentially includes ^ < 0. 
Our goal is to try to understand that better. 

The momenta for which this behavior is obtained are stringy, so it is not a priori 
obvious that a description in terms of particles scattering in a particular geometry is 
applicable. Therefore, in order to understand the behavior (P?B|), we need to go back to 
the worldsheet path integral and try to see what is the origin of this behavior. 

The following observation is useful to that end. As explained above, the large phase 
shift (|3.3|) comes from the hrst ratio of T functions in (|3.1|) . This ratio has poles for 
{2j + l)/[k — 2) = n with n = 1, 2, • • •. As reviewed in [^, these poles can be understood 
as coming from the Sine-Liouville interaction ( p.8|) . To be precise, the phase shift (|3.1J ) 
is related to the two point function {Vj.rn,fhVj--m,-fh)- In the Sine-Liouville model (p.8|) , 
these operators correspond to 




■ipLXL+iPR^R+P4' 


(3.4) 


where Pl,r are left and right-moving momenta on the circle, Pl = ^ +wR, Pr = ^ —wR, 
and /? = 2Qj. 

To calculate the two point fu n ction of the operators ( p.4|) , one has to perform the path 
integral over (</>, x) with the action (|2.8| ). The path integral over the Liouville held cf) can 
be split into an ordinary integral over the zero mode (pQ, and the path integral over the 
non-zero modes (pi[z^z)^ with (j){z,z) — (j)Q (f)i{z^z). The zero mode integral takes the 
form 


(i(/)oexp 


2(3(j)o + 2Q(j)o — cos R{xl — xr) 


(3.5) 


The hrst term in the exponential comes from the two insertions of vertex operators, the 
second from the curvature coupling on the sphere, and the third from the Sine-Liouville 
interaction. The integral over (pQ can be performed exactly ||^, and gives (up to an 
unimportant overall constant) 


A J cos R{xl - xr^ r(-'S) , 


where 


s — ~2(/3 Q)/b — 


2(2j + 1) 

k-2 


(3.6) 


(3.7) 









The poles at 2j + l = n(/c —2), discussed above, originate from the poles of the factor r(— s) 
in (|3.6|) . They are bulk poles in the sense of ||^, i.e. their residues receive contributions 
from the bulk of space, far from the Sine-Liouville wall, and can be computed by 


evaluating the free path integral in that region; see for a discussion. 

Coming back to the large phase shift ( b.3|) , since its origin is the same ratio of T 
functions, it is natural to expect that it too is due to the Sine-Liouville interaction. We 
next argue that making this assumption gives the correct answer. 

Plugging (p.5|) into (|3.7|), we see that in this case the parameter s is imaginary. 


s = 


Ais 

k-2 


(3.8) 


The zero mode integral ( |3.5|) gives in this case (|3.6|) with this value of s. The non-zero 
mode path integral (over (pi) involves the action (|2.8|) with A = 0, the insertion of the two 
vertex operators (^^), and the prefactor A®r(—s) in (|3.6|). 

For large s, we can use the Stirling approximation to evaluate the zero mode contri¬ 
bution 


r(-s) 


log(s)p--i^ _ g-2iQp,(, log(p^)p-Q7rp^ 


(3.9) 


Interestingly, the hrst exponent is exactly the same phase as obtained from the hrst ratio 

r(-f) 


of r functions in (|3.1|) , which can be written 


as 


r(f) 


and gives 


We reached an 


important conclusion, that the phase (|3.3| ) comes from the (p zero mode integral.! 

The next question that we would like to address is which region in the zero mode 
integral gives rise to the large phase shift (|3.3|) . To do that, we write (|3.5|) as 


/ d(PoA{(Po)e‘^^P^^° , (3.10) 

J —oo 

where p<jf, = —*(/? + Q) = 2Qs is the radial momentum of the incoming particle (|2.6|) , and 


A{(Pq) = exp 




with 


a = \ j cos R{xL — X fi) 


(3.11) 


(3.12) 


^ The role of the non-zero mode path integral is to cancel the imaginary part of 5 {i.e. the 
modulus of the reflection coefficient); in particular, it presumably takes care of the real exponent 


in (|3T| ). 
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For a < 0, A[(Pq) grows rapidly at negative and the integral diverges; it is defined via 
analytic continnation from a > 0. For a > 0, we have the following situation. As Q —?■ 0, 
A[(Pq) approaches a step function that vanishes for (pQ < 0 , and thus for any value ofp^ the 
contribution to (|3.10| ) comes from > 0. This agrees with the picture coming from the 
semiclassical cigar geometry, according to which the radial direction lives on a half line. 
Indeed, it is natural to relate (/)o = 0 to the tip of the cigar. 

For small but hnite Q, the step function is smoothed out. For > Q, ^(^o) is still 
essentially a constant, and for large the oscillation of the phase in (|3.10|) leads to large 
cancellations. Hence, the region > Q does not contribute to the integral ( |3.1CI|) . For 
negative (/)o, A[(^q) goes rapidly to zero, so the contribution from negative 4>q is limited to 
a hnite range. One way to estimate this range is to compare A(^o) with the value of the 
integral that for large is given by (|3.9|) ; such that A[(Pq) is much smaller than (|3T| ) 
do not contribute much to the integral. This implies that the region < ~Q log(P 0 ) does 
not contribute to the integral. 

We conclude that the main contribution to the large phase shift comes from the region 


-Qlnp,^ < 4>q <Q . 


(3.13) 


This can be verihed by noting that for large p<^, (|3.1U| ) admits a saddle point away from 
the real line at 

</>o/Q ~ *7r/2 - lnp 0 , (3.14) 

where stands for an equality up to sub-leading correction at large p^. Plugging (|3.14| ) 
back into (p.l0|) reproduces ( p.9|) . 

The region ( p.l3 ) is small for small Q, but it grows in the negative (po direction as p^ 
increases. This means that the scattering wave can penetrate into the classically forbidden 
region behind the tip of the cigar, by an amount that increases with the radial momentum 
P(j, - the hard wall of the cigar geometry is replaced by a soft one at high energy. 

What does the region (|3.13|) mean in the cigar geometry? In the Sine-Liouville model. 


the dilaton behaves like $ ~ —Q(po- Comparing with the second line of ( | 2 . 1 |) , we see that 
the Sine-Liouville coordinate 4>o and the cigar coordinate r are related via 


Qcpo = In coshr . 


(3.15) 


Taking into account the fact that the metric (|2.1|) is ds'^ = dr^/Q^ we see that the 


upper bound in (|3.13|), (/iq — Q, corresponds in the cigar variables to r ~ Q, which is a 
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distance of order Ig from the tip. The lower bound in (|3.13|) corresponds to negative (fiQ, 
which does not exist in the classical cigar geometry. 

We see that the full geometry corresponding to the coset model is well described by 
the cigar background (|2.1j ) for distances larger than Ig from the tip, and has a second 
asymptotic region (po < 0 which does not exist in the cigar description. The large phase 
shift ( p.3|) comes from this second region. The two regions are connected at a distance 
of order Ig from the classical tip of the cigar. This agrees with the fact that the wou n d 
tachyon on the cigar has support in a region of size Ig from the tip |]8|-pT[|. 

Finally, we note that the relation ( 3.15 ) maps the wound tachyon prohle ( p.8|) to 


3— 0o/Q 


cosh^(r) 


(3.16) 


which is precisely what one hnds by solving the Klein-Gordon equation for the tachyon on 
the cigaiJi [j^. In the bosonic case, this is valid for large /c, while in the supersymmetric 
case the agreement is exact. 


4. Summary 


To summarize, the main points of this note are: 

(1) The scattering phase shift in the full classical string theory on the cigar has a qualita¬ 
tively different large radial momentum behavior from the one obtained in the gravity 
approximation. Even when the cigar is large and weakly curved {i.e. for large k), for 
sufficiently large momenta the exact answer exhibits a growing scattering phase shift 
( p.3|) , while the one obtained in the gravity approximation goes to zero. 

(2) Even though the momenta in question are stringy, one can still interpret the large 
scattering phase shift in terms of potential scattering. This is the statement that 
the scattering phase is due to the dynamics of the zero mode of the worldsheet held 
associated with the radial direction, rather than to huctuations of the non-zero 
modes. 

(3) The large phase shift comes from a region behind the tip of the cigar, that does not 
exist in the classical geometry. In this region, the string sees a different background, 
corresponding to Sine-Liouville (or, in the supersymmetric case, N = 2 Liouville). 


In the notation of []T|, p = V a'kr, k = a' jQ 
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The two regions are connected at a distance of order Ig from the classical tip of the 
cigar. 

(4) The FZZ duality between the cigar and Sine-Liouville manifests itself at large k 
through the energy dependence of the physics. At low energies the cigar description 
is good, but at high energy the physics is better described by Sine-Liouville. 
Although the detailed results of this note involved a specihc black hole background, we 
expect the basic picture to hold much more generally; in particular, it should apply to four 
dimensional Schwarzschild black holes. The fact that string theory in EBH backgrounds 
involves a non-zero condensate of the normalizable mode of the winding tachyon is believed 
to be general [§]. Moreover, in |l9| JT^ , |l4| it was argued that the presence of normalizable 
states near the Euclidean horizon is a general property of EBH spacetimes. It is natural 
to expect that the FZZ duality and its implications for the geometry seen by perturbative 
strings at various energies discussed in this note hold in general as well. 
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